Abstract. In this paper we study semi-stable, radially symmetric and decreasing solutions u ∈ W 1,p (B1) of −∆pu = g(u) in B1 \ {0}, where B1 is the unit ball of R N , p > 1, ∆p is the p−Laplace operator and g is a general locally Lipschitz function. We establish sharp pointwise estimates for such solutions. As an application of these results, we obtain optimal pointwise estimates for the extremal solution and its derivatives (up to order three) of the equation −∆pu = λf (u), posed in B1, with Dirichlet data u| ∂B 1 = 0, where the nonlinearity f is an increasing C 1 function with f (0) > 0 and limt→+∞
Introduction and main results
This paper is concerned with the semi-stability of radially symmetric and decreasing solutions u ∈ W 1,p (B 1 ) of
where p > 1, ∆ p is the p−Laplace operator, B 1 is the unit ball of R N , and g : R −→ R is a locally Lipschitz function. By abuse of notation, we write u(r) instead of u(x), where r = |x| and x ∈ R N . We denote by u r the radial derivative of a radial function u.
A radial solution u ∈ H 1 (B 1 ) of ( 1.1) such that u r (r) < 0 for all r ∈ (0, 1) is called semi-stable if
for every radially symmetric function ξ ∈ C 1 c (B 1 \ {0}). Note that the above expression is nothing but the second variation of the energy functional associated to ( 1.1):
where G ′ = g and Ω ⊂ B 1 . Thus, if u is a radial local minimizer of ( 1.2) with Ω = B 1 (i.e., for every δ ∈ (0, 1) there exists ε δ > 0 such that
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E B 1 \B δ (u) ≤ E B 1 \B δ (u + ξ), for all radial functions ξ ∈ C 1 c B 1 \ B δ ) satisfying ξ C 1 ≤ ε δ ), then u is a semi-stable solution of ( 1.1). Other general situations include semi-stable solutions: for instance, minimal solutions, extremal solutions, and also some solutions between a sub and a supersolution (see [3, Rem. 1.7] for more details). All the results obtained in this paper were obtained by the second author in [16] for the Laplace operator (p = 2).
As an application of some general results obtained in this paper for this class of solutions (for arbitrary g ∈ C 1 (R)), we consider the following problem
where λ > 0 and f is an increasing C 1 function with f (0) > 0 and (1.4) lim t→+∞ f (t) t p−1 = +∞. This problem is studied by Cabré and Sanchón in [4] for general smooth bounded domains Ω of R N . It is proved that there exists a positive parameter λ * such that if λ ∈ (0, λ * ) then (1.3 λ,p ) admits a minimal (smallest) solution u λ ∈ C 1 (Ω) and if λ ∈ (λ * , +∞) then (1.3 λ,p ) admits no regular solution. In addition, for λ ∈ (0, λ * ) the minimal solution u λ is semi-stable (in a similar sense of the definition when Ω = B 1 ). On the other hand, we may consider the increasing limit u * := lim λ↑λ * u λ .
In the case p = 2 it is well-known that u * is a weak solution of (1.3 λ,p ), for λ = λ * . It is called the extremal solution. For general p, Ω and f , it is not known if u * is a weak solution of (1.3 λ,p ), for λ = λ * . In the case Ω = B 1 , Cabré, Capella and Sanchón [3] proved that u * is actually a semistable radially decreasing energy solution (i.e. u * ∈ W 1,p 0 ) of (1.3 λ,p ). Hence we can apply to the extremal solution the results obtained in this paper for this kind of solutions.
We refer to [2, 5] for surveys on minimal and extremal solutions and to [1, 6, 7, 8, 9, 10, 12, 13, 14, 15, 17] for other interesting results in the topic of extremal solutions.
The main result obtained in [3] related to the extremal solution of (1.3 λ,p ) is the following Theorem 1.1. ( [3] ). Let Ω = B 1 , p > 1, and that f satisfies ( 1.4). Let u * be the extremal solution of (1.3 λ,p ). We have that
, then u * (r) ≤ C |log r|, ∀r ∈ (0, 1) and for some constant C.
p , ∀r ∈ (0, 1) and for some constant C.
∀r ∈ (0, 1) and for some constant C.
In this paper we establish sharp pointwise estimates for u * and its derivatives (up to order three). We improve the above theorem, answering affirmatively to an open question raised in [3] , about the removal of the factor |log r|
, and f is convex, then
|u r (t)|, and C N,p is a constant depending only on N and p . 
This shows that the pointwise estimates of Theorem 1.2 are optimal for
On the other hand, in [3] Cabré and Sanchón proved that if N > p + 4p/(p − 1) and f (u) = (1 + u) m , where
.
This also shows the optimality of the pointwise estimates of Theorem 1.2 for the case N > p + 4p/(p − 1).
As mentioned before, the proof of Theorem 1.2 is based on general properties of semi-stable radially decreasing energy solutions. Our main results about these type of solutions are the following. Theorem 1.4. Let p > 1, g : R −→ R be a locally Lipschitz function, and u ∈ W 1,p (B 1 ) be a semi-stable radial solution of ( 1.1) satisfying u r (r) < 0 for all r ∈ (0, 1). Then there exists a constant C N,p depending only on N and p such that: 
iii) If g ≥ 0 is nondecreasing and convex, then 
Proof of the main results
Lemma 2.1. Let N ≥ p > 1, g : R −→ R be a locally Lipschitz function, and u ∈ W 1,p (B 1 ) be a semi-stable radial solution of ( 1.1) satisfying u r (r) < 0 for all r ∈ (0, 1). Then there exists a constant K N,p depending only on N and p such that: 
for every radial Lipschitz function η vanishing on ∂B 1 . We now fix r ∈ (0, 1/2) and consider the function
where the constant α N,p = max
−v(t) dependes only on N and p. This
If r ∈ (1/2, 1] and N > p then, applying the above inequality for r = 1/2, we obtain
which is the desired conclusion with
for arbitrary r 0 ∈ (0, r), we obtain
Letting r 0 → 0 and taking into account that r/t ≥ 1 for 0 < t ≤ r yields ( 2.5) for N = p and r ∈ [0, 1/2]. If r ∈ (1/2, 1], we apply similar arguments to the case N > p to complete the proof. 
Proof. Fix r ∈ (0, 1]. Applying Hölder's inequality and Lemma 2.1 we deduce
|u r (t)|t
and ( 2.7) is proved.
Proof of the Theorem 1.4. Let 0 < r ≤ 1. Then, there exist m ∈ N and 1/2 < r 1 ≤ 1 such that r = r 1 /2 m−1 . Since u is radial we have
, where γ N,p dependes only on N and p. From this an Proposition 2.2, it follows that (2.8)
which is a convergent series.
From ( 2.8), we conclude
which completes the proof.
Lemma 2.3. Let N ≥ 1, p > 1, g : R −→ R be a nonnegative and nondecreasing locally Lipschitz function, and u ∈ W 1,p (B 1 ) be a semi-stable radial solution of ( 1.1) such that u r < 0 for all r ∈ (0, 1). Then
where M N,p is a constant depending only on N and p.
Proof. Consider the function It is easy to check to that Ψ ′ (r) = g u r 1/N , r ∈ (0, 1]. As g in nonnegative and nondecreasing we have that Ψ is a nonnegative nondecreasing concave function. It follows immediately that
and we obtain ( 2.9).
To obtain ii), we first observe that from ( 1.1) it is obtained
Therefore, using the nonnegativeness of g and ( 2.9) we deduce that (2.13)
For fixed α ∈ R an easy computation shows that
Thus r α |u r | p−2 is nondecreasing for α = |p−2|(2N −1) p−1
. Using this, the monotocity of g ′ (u(r)) and the semi-stability of u, we deduce that
for every r ∈ (0, 1) and every ξ ∈ C 1 with compact support in (0, r).
, where ζ ∈ C 1 is any function with compact support in (0, 1), we obtain ( 2.10). 
Proof of the
from this and Lemma 2.1 we obtain i). ii) Since ( 2.13) and i) it follows ii). iii) From ( 1.1) we obtain
for every r ∈ (0, 1). Therefore from ( 2.9), ( 2.10) and ( 2.13), we obtain
for every r ∈ (0, 1], and iii) follows from i). iii
depending only on N and p. 
|u r (t)| Proof of Theorem 1.2. As we have mentioned, it is well known that u * is a semi-stable radially decreasing W 1,p (B 1 ) solution of ( 1.1) for g(s) = λf (s). Hence, we can apply to u * the results obtained in Theorems 1.4 and 1.5 and Lemma 2.4. Let us first prove i), ii), and iii) for r ∈ (0, 1/2). Since u * (1) = 0, and on account of statement iv) of Lemma 2.4, we have
for certain constants h N,p , h ′ N,p depending only on N and p. From this and Theorem 1.4: i) follows from the inequality 1 ≤ 2(1 − r), for r ∈ (0, 1/2). ii) follows from the inequality | log r| + 1 ≤ log 2+1 log 2
| log r|, for r ∈ (0, 1/2). iii) follows from the inequality 
and |u * rrr (r)| ≤ s N,p |u * r (r)| r 2 , for r ∈ (0, 1] and certain constant s n,p > 0., which gives statement iv) and v) from the case k = 1.
A family of semi-stable solutions
Theorem 3.1. Let h ∈ (C 2 ∩ L 1 )(0, 1
] be a nonnegative function and consider
Then, for N ≥ p+4p/(p−1), u is a semi-stable radially decreasing unbounded W 1,p (B 1 ) solution of a problem of the type ( 1.1), where u is any function with radial derivative u r .
To prove this theorem, we will use the following lemma, which is a generalization of the classical Hardy inequality:
is an increasing function, we obtain Φ ′ ∈ L 1 (0, 1) and hence r N −1 |u r (r)| p = r 2 Φ ′ (r)/(N − 1) ∈ L 1 (0, 1), which gives u ∈ W 1,p (B 1 ).
On the other hand, since Φ ′ (r) ≥ 2
As N ≥ p+4p/(p−1), we have −
It follows that u r ∈ L 1 (0, 1), and since u is radially decreasing, we obtain lim r→0 u(r) = +∞.
Since
, +∞), we conclude that u is solution of a problem of the type ( 1.1).
It remains to prove that u is semi-stable. Taking into account that u r = 0 in (0, 1] and applying [3, Lem. 2.2], the semi-stability of u is equivalent to (3.14) (p − 1)
for every ξ ∈ C ∞ c (0, 1). For this purpose, we will apply the Lemma 3.2 above. From the definition of Φ, it is easily seen that Φ ′ (r) ≥ 2
Finally, since Φ ′ (r) = (N − 1)r N −3 |u r (r)| p , we deduce ( 3.14) by applying Lemma 3.2. Proof. Suppose that such a function ψ exists and consider the sequences r n = 1/n, M n = nψ(1/n). By the proposition above, there exists u ∈ W 1,p (B 1 ), which is a semi-stable radially decreasing unbounded solution of a problem of the type ( 1.1), satisfying |u r (1/n)| ≥ nψ(1/n), a contradiction. 
Proof. Let h ∈ C 2 (0, 1], increasing, satisfying 0 ≤ h ≤ 1. Define Φ and u r as in Theorem 3.1. We claim that i) u is a semi-stable radially decreasing unbounded W 1,p (B 1 ) solution of a problem of the type ( 1.1) with g ≥ 0.
ii) |u r (r)| ≤ D N,p r This implies that −r N −1 |u r (r)| p−2 u r (r) is increasing, which is is equivalent to the positiveness of g. Therefore, by ii) and the previous inequality, we obtain iii).
Finally, it is easily seen that for every sequences {r n } ⊂ (0, 1], {y n } ⊂ R + , with r n ↓ 0, there exists h ∈ C 2 (0, 1], increasing, satisfying 0 ≤ h ≤ 1 and h ′ (r n ) = y n . Take y n such that
Applying iii) we deduce −u rr (r n ) ≥ M n and the proof is complete. Proof. Arguing as in Corollary 3.4 and using Proposition 3.5, we conclude the proof of the corollary. Proof. Similarly as in the proof of Proposition 3.5 (item i)), h ′ ≥ 0 implies that u is a semi-stable radially decreasing unbounded W 1,p (B 1 ) solution of a problem of the type ( 1.1) with g ≥ 0.
On the other hand, from the definition of Φ and u r it follows easily that Applying the above inequality, we obtain u rrr (r n ) ≥ M n and the proof is complete. Proof. Applying Proposition 3.7, this follows by the same method as in Corollaries 3.4 and 3.6.
